A description of holonomy algebras of Einstein not Ricci-flat pseudo-Riemannian manifolds of arbitrary signature is given. As the illustration, the classification of the holonomy algebras of Einstein not Ricci-flat pseudo-Riemannian manifolds of signature (2, n) is obtained.
Introduction
The problem of classification of holonomy algebras of pseudo-Riemannian manifolds seems to be unsolvable. The complete solution exists only in the Riemannian case [4, 1, 6, 14, 9] and in the Lorentzian case [10] . For an arbitrary signature, only the classification of irreducible holonomy algebras is known [4, 9] . The general case cannot be reduced to the irreducible one unless the metric is of the Riemannian signature. For pseudo-Riemannian manifolds of signature different from Riemannian and Lorentzian ones only some partial case are considered [2, 3, 7, 8, 11, 13, 15] .
In this paper we restrict our attention to the holonomy algebras of Einstein not Ricci-flat pseudo-Riemannian manifolds. By now the results existed only in the case of irreducible holonomy algebras and in the Lorentzian signature [12] .
We give a description of holonomy algebras of Einstein not Ricci-flat pseudo-Riemannian manifolds of arbitrary signature. As the illustration, we classify holonomy algebras of Einstein not Ricci-flat pseudo-Riemannian manifolds of signature (2, n). We also indicate examples of Einstein pseudo-Riemannian metrics with different holonomy algebras.
Preliminaries
The theory of holonomy algebras of pseudo-Riemannian manifolds can be found e.g. in [6, 9, 14] . Here we collect some facts that will be used below.
Let (M, g) be a connected pseudo-Riemannian manifold of signature (p, q). The holonomy group of (M, g) at a point x ∈ M is a Lie group that consists of the pseudo-orthogonal transformations given by the parallel displacements along piece-wise smooth loops at the point x, and it can be identified with a Lie subgroup of the pseudo-orthogonal Lie group O(p, q). The corresponding Lie subalgebra of so(p, q) is called the holonomy algebras. If the manifold M is simply connected, then the holonomy group is connected and it is uniquely defined by the holonomy algebra.
Let g ⊂ so(p, q) be a subalgebra. The space of curvature tensors of type g is defined as follows
The above identity is called the first Bianchi identity. Let L(R(g)) ⊂ g be the ideal spanned by the images of the elements form R(g). The subalgebra g ⊂ so(p, q) is called a Berger subalgebra. From the Ambrose-Singer Theorem it follows that the holonomy algebra g ⊂ so(p, q) of a pseudo-Riemannian manifold of signature (p, q) is a Berger subalgebra.
A subalgebra g ⊂ so(p, q) is called weakly-irreducible if it does not preserve any proper nondegenerate subspace of the pseudo-Euclidean space R p,q . By the Wu Theorem [17] any pseudoRiemannian manifold whose holonomy algebra is not weakly irreducible, can be decomposed (at least locally) in the product of a flat pseudo-Riemannian manifold and of pseudo-Riemannian manifolds with irreducible holonomy algebras. In particular, a pseudo-Riemannian manifold is locally indecomposable if and only if its holonomy algebra is weakly irreducible.
Lemma 1 If a Berger subalgebra g ⊂ so(p, q) is not weakly irreducible, then there exists an orthogonal decomposition
into a direct sum of pseudo-Euclidean subspaces and a decomposition g = g 1 ⊕ · · · ⊕ g r into a direct sum of ideals such that g i annihilates V j if i = j and g i ⊂ so(V i ) is a weakly irreducible Berger subalgebra.
Consider the vector space
If a Berger algebra g ⊂ so(p, q) satisfies R ∇ (g) = 0, then g is called a symmetric Berger algebra. Any pseudo-Riemannian manifold with such holonomy algebra is automatically locally symmetric. The list of irreducible holonomy algebras of locally symmetric pseud-Riemannian manifolds can be found in [5] .
M. Berger classified irreducible subalgebras g ⊂ so(p, q) that satisfy L(R(g)) = g and R ∇ (g) = 0 in [4] . Later this classification was corrected [1] , and it was proved that all the obtained algebras can be realized as the holonomy algebras of pseudo-Riemannian manifolds [9, 14] . Here is the list of these algebras: (7, 7) . Consider now the Einstein condition. For a subalgebra g ⊂ so(p, q) consider the set
This is an affine space with the corresponding vector space
Let L(R 1 (g)) ⊂ g be the vector subspace spanned by the images of the elements of R ∈ R 1 (g).
We say that a subalgebra g ⊂ so(p, q) is a Berger subalgebra of Einstein type if L(R 1 (g)) = g.
From the Ambrose-Singer Theorem it follows that the holonomy algebra g ⊂ so(p, q) of an Einstein not Ricci-flat pseudo-Riemannian manifold of signature (p, q) is a Berger subalgebra of Einstein type.
The list of irreducible holonomy algebras g ⊂ so(p, q) of Einstein not Ricci-flat pseudo-Riemannian manifolds of signature (p, q) that are not locally symmetric is the following (see e.g. [9] ): so(p, q),
). Note that locally symmetric manifolds with irreducible holonomy algebras are Einstein and not Ricci-flat. Now, the problem is to classify weakly irreducible and not irreducible holonomy algebras of Einstein not Ricci-flat pseudo-Riemannian manifolds. This is done only for the Lorentzian signature in [12] .
Let g ⊂ so(p, q) be a weakly irreducible not irreducible subalgebra. Then g preserves a totally isotropic subspace V ⊂ R p,q of dimension m. Let (p, q) = (m + r, m + s). 
Denote the element given by the above matrix by (B, A, X, C). The non-zero Lie brackets are the following:
We see that gl(m, R) and so(r, s) are subalgebras in so(m + r, m + s) R m . The vector subspace
We will consider projections with respect to this decomposition.
Any subalgebra g ⊂ so(m + r, m + s) preserving a totally isotropic subspace of dimension m is conjugated to a subalgebra of so(m + r, m + s) R m .
If the holonomy algebra of a pseudo-Riemannian manifold (M, g) of signature (m + r, m + s) preserves a totally isotropic subspace of the tangent space of dimension m, then locally on M there exists coordinates 3 The case g ⊂ so(n, n) preserving two complementary isotropic subspaces
Let g ⊂ so(n, n) and suppose that g preserves two complementary isotropic subspaces V, V ′ ⊂ so(n, n). Using the metric on R n,n , the space V ′ can be identified with the dual space V * . If we fix a Witt basis p 1 , ..., p n , q 1 , ..., q n such that p 1 , ..., p n ∈ V , and q 1 , ..., q n ∈ V * , then g is contained in the maximal subalgebra preserving V and V * :
The matrices A define a subalgebra of gl(n, R), which is isomorphic to g and we write g ⊂ gl(n, R).
Conversely, if we start with a subalgebra g ⊂ gl(n, R) we may construct the subalgebra g ⊂ so(n, n) = so(R n ⊕ R n * ) that preserves R n , R n * ⊂ R n ⊕ R n * . The pseudo-Euclidean metric on R n ⊕ R n * is given by the pairing.
Holonomy algebras g ⊂ so(n, n) of this type are studied in [3, 2] . Let us formulate some facts from these papers.
belongs to the first prolongation (g ⊂ gl(n, R)) (1) of the representation g ⊂ gl(n, R). Hence, if g ⊂ so(n, n) is a Berger subalgebra, then (g ⊂ gl(n, R))
(1) = 0. Similarly, the elements of R ∇ (g ⊂ so(n, n)) can be described using the second prolongation (g ⊂ gl(n, R)) (2) . Hence, if g ⊂ so(n, n) is a Berger subalgebra, and (g ⊂ gl(n, R)) (2) = 0, then it is a symmetric Berger subalgebra.
Next, suppose that g is a reductive Lie algebra.
Lemma 1 applied to this case can be formulated in the following way.
Lemma 2 Let g be a reductive Lie algebra and suppose that g ⊂ so(n, n) is a Berger subalgebra preserving two complementary totally isotropic subspaces of R n,n . If g ⊂ gl(n, R) is not irreducible, then there exists a decomposition
This allows to restrict the attention to the case when g ⊂ gl(n, R) is irreducible. In [3] it is shown that if g ⊂ so(n, n) is a Berger subalgebra, then g ⊂ gl(n, R) is either one of the following:
or g ⊂ so(n, n) is a a symmetric Berger subalgebra, and it can be found in the list from [5] .
Let us apply now the Einstein condition.
Let R ∈ R(g ⊂ so(n, n)) be as above; let X ∈ V , Y ∈ V * , then it is easy to calculate
This shows that if R 1 (g) = 0, then g is not contained in sl(n, R). Consequently, g ⊂ gl(n, R) is irreducible, then g is either one of gl(n, R), gl(m, C) (n = 2m), or g ⊂ so(n, n) is a weakly irreducible symmetric Berger algebra. Note that all the corresponding symmetric spaces are Einstein and not Ricci-flat. Moreover, gl(n, R) ⊂ so(n, n) and gl(m, C) ⊂ so(2m, 2m) may appear as the holonomy algebras of symmetric spaces. Thus, we have found all Berger algebras of Einstein type g ⊂ so(n, n) such that g ⊂ gl(n, R) is irreducible. Moreover, all these Berger algebras are holonomy algebras of Einstein not Ricci-flat pseudo-Riemannian manifolds of signature (n, n).
We have also proved the following statement: let (M, g) be a pseudo-Riemannian manifold of signature (n, n) such that its holonomy algebra g ⊂ so(n, n) preserves two complementary totally isotropic subspaces of the tangent space. Then (M, g) is Ricci-flat if and only if g ⊂ sl(n, R).
Some lemmas
Lemma 3 Let g ⊂ so(r, s) be an irreducible Berger subalgebra of Einstein type, then g contains its centralizer in so(r, s).
Proof. This immediately follows from the classification of irreducible holonomy algebras g ⊂ so(r, s) of Einstein pseudo-Riemannian manifolds.
Lemma 4 Let g ⊂ gl(n, R) be an irreducible subalgebra such that g ⊂ so(n, n) is a Berger subalgebra of Einstein type, then g contains its centralizer in so(n, n).
Proof. As the g-module the Lie algebra so(n, n) decomposes as
The classification shows that the centralizer of g in gl(n, R) is contained in g. Next, g contains id R n that acts as multiplication by 2 and -2 in ∧ 2 R n and ∧ 2 R n * , respectively.
Lemma 5 Let g ⊂ so(r, s) be an irreducible subalgebra and R 1 (g) = 0, then g ⊂ so(r, s) is a Berger subalgebra of Einstein type.
Proof. Since g ⊂ so(r, s) is irreducible, the Lie algebra g is reductive. Consider the ideal k = L(R(g)) ⊂ g. Letk ⊂ g be the complementary ideal. The subalgebra k ⊂ so(r, s) is a Berger subalgebra, and R 1 (k) = R 1 (g) = 0. We obtain the decompositions
is a Berger subalgebra of Einstein type. Similarly, g(X, Y ) = Ric(R)(X, Y ) = 0 for all X, Y ∈ V 0 ; this shows that V 0 = 0. We see that the restriction ofk to each V i commutes with k i . From Lemma 5 it follows thatk = 0. We get that g = k 1 ⊕ · · · ⊕ k k . The irreducibility of g ⊂ so(r, s) implies k = 1 and g = k 1 . This proves the lemma.
Lemma 6 Let g ⊂ gl(n, R) be an irreducible subalgebra such that for g ⊂ so(n, n) it holds R 1 (g) = 0, then g ⊂ so(n, n) is a Berger subalgebra of Einstein type.
Proof. The proof of this lemma is similar to the proof of Lemma 5.
Since g ⊂ gl(n, R) is irreducible, the Lie algebra g is reductive. Consider the ideal
Letk ⊂ g be the complementary ideal. The subalgebra k ⊂ so(n, n) is a Berger subalgebra, and R 1 (k) = R 1 (g) = 0. We obtain the decompositions
is a Berger subalgebra of Einstein type. Similarly, g(X, Y ) = Ric(R)(X, Y ) = 0 for all X ∈ V 0 and Y ∈ V * 0 ; this shows that V 0 = 0. We see that the restriction ofk to each V i commutes with k i . From Lemma 4 it follows thatk = 0. We get that g = k 1 ⊕ · · · ⊕ k k . The irreducibility of g ⊂ gl(n, R) implies k = 1 and g = k 1 . This proves the lemma.
Lemma 7 Let p 1 , ..., p m , e 1 , ..., e n , q 1 , ..., q m be a Witt basis of R m+r,m+s (r + s = n) and
with respect to this basis. Then there exists another Witt basis of R m+r,m+s with the same p 1 , ..., p m , with respect to that ξ = (id R m , 0, 0, 0).
.., e n , q 1 , ..., q m be a Witt basis of R m+r,m+s . Consider the new basis
Let A = B + C be the decomposition of the matrix A into the symmetric and skew-symmetric parts. The condition that we get again a Witt basis is equivalent to the equalities
Let η = (id R m , 0, 0, 0) with respect to the first basis, then with respect to the second basis, η = (id R m , 0, −X, −2C)), where X ai = −(X i , e a ). It is clear that X and C can be chosen in arbitrary way. This shows that starting with ξ = (id R m , 0, X, C) ∈ g, we may choose a new basis in such a way that ξ = (id R m , 0, 0, 0) ∈ g.
5 The general case Theorem 1 Let g ⊂ so(r + m, s + m) be a weakly irreducible holonomy algebra of an Einstein pseudo-Riemannian manifold of signature (r + m, s + m). Suppose that g ⊂ so(r + m, s + m) preserves a maximal m-dimensional isotropic subspace of the tangent space R r+m,s+m . Then with respect to a proper basis of R r+m,s+m , g has the form
where
• h ⊂ so(r, s) is the holonomy algebra of an Einstein pseudo-Riemannian manifold of signature (r, s) such that there exist an orthogonal decomposition
and the corresponding decomposition
is an irreducible holonomy algebra of an Einstein pseudo-Riemannian manifold;
• f ⊂ gl(m, R) is a subalgebra that admits a decomposition
where f 0 ⊂ f is a reductive subalgebra andf ⊂ f is a solvable ideal; the subalgebra f 0 ⊂ gl(m, R), defines the decompositions
is irreducible and the corresponding weakly irreducible subalgebra
is the holonomy algebra of an Einstein pseudo-Riemannian manifold of neutral signature; farther more,f
where
has the following structure:
• it holds
Proof of Theorem 1.
In the proof of the theorem we will use only the property R 1 (g) = 0.
The following lemma gives the form of the projection h = pr so(r,s) g.
Lemma 8
There exists an orthogonal decomposition
is an irreducible holonomy algebra of an Einstein pseudo-Riemannian manifold.
Proof. Since R m ⊂ R r+m,s+m is the maximal totally isotropic subspace preserved by g, h does not preserve any totally isotropic subspace of R r,s , and consequently h does not preserve any degenerate subspace of R r,s . This shows that h is a reductive Lie algebra. Hence, we get an h-invariant orthogonal decomposition
whereh ⊂ h is the complementary ideal to h 1 ⊕ · · · ⊕ h k . Elements ofh act simultaneously in several U i . Note that h i ⊂ so(U i ) a priori must not be irreducible.
Leth ⊂ h be the subalgebra generated by the images of the tensors
Clearly,h ⊂ so(r, s) is a Berger subalgebra. It is easy to see that if R ∈ R 1 (g) and X, Y ∈ R r,s , then
This implies thath does not annihilate any non-degenerate subspace of R r,s . Sinceh ⊂ so(r, s) is a Berger subalgebra, we obtain the decompositions
where eachh i ⊂ so(W i ) is a weakly-irreducible Berger subalgebra.
Sinceh ⊂ h, each U i is the direct sum of some number of W j , and the correspondingh j are contained in h i . In particular, all h i are non-trivial and do not annihilate any non-trivial subspace of U i , and U 0 = 0. More over,
Clearly, t i ⊂ so(U i ) is a Berger subalgebra.
Since U i is the direct sum of some number of W j , t i contains the correspondingh j , and h j ⊂ so(W j ) is weakly-irreducible, we see that t i ⊂ so(U i ) does not annihilate any non-trivial subspace of U i . We get the decompositions
where t iα ⊂ so(U iα ) is a weakly-irreducible Berger subalgebra of Einstein type.
By the construction, each t iα is a reductive Lie algebra, hence either t iα ⊂ so(U iα ) is irreducible, or it preserves two complementary totally isotropic subspaces. By Lemmas 3 and 4 the induced action ofh j andh on each U ıα is trivial, i.e.h = 0 and allh j = 0. Hence, h = ⊕ i,α t iα . Since h does not annihilate any degenerate subspace of R r,s , each t iα ⊂ so(U iα ) is irreducible. We obtain the required decompositions R r,s = ⊕ i,α U iα , h = ⊕ i,α t iα .
Now we find the form of the projection f = pr gl(m,R) g.
Lemma 9
There exists a decomposition f = f 0 ⋉f, where f 0 ⊂ f is a reductive subalgebra and f ⊂ f is a solvable ideal. It holds f 0 ⊂ g. Next, there is a decomposition
such that f i ⊂ gl(V i ) is irreducible and the corresponding weakly irreducible subalgebra
is the holonomy algebra of an Einstein pseudo-Riemannian manifold of neutral signature.
Moreover, as the vector space,f = ⊕ 1≤i<j≤k f ij , each f ij takes V j to V i and annihilates V l , l = j.
Proof. Suppose that the representation of f on V preserves a vector subspace V 1 ⊂ V . We may assume that V 1 does not contain any proper invariant subspace, i.e. the induced representation of f on V 1 is irreducible. Let V ′ 1 ⊂ V be any complementary subspace, i.e. V = V 1 ⊕ V ′ 1 . The matrices of f are of the form
be the projection of f with respect to that decomposition. By the construction, f 1 ⊂ gl(V 1 ) is irreducible. Consequently, f 1 is a reductive Lie algebra. Consider the decomposition
Let R ∈ R 1 (g) be a non-zero element. Consider
It is easy to see that if X ∈ V 1 , and Y ∈ V * 1 , then
This implies thatR = 0. By Lemma 6, f 1 ⊂ gl(V 1 ) is a Berger subalgebra of the Einstein type; in Section 3 we noted that any such algebra is the holonomy algebra of an Einstein pseudo-Riemannian manifold. From results of Section 3 it follows that f 1 contains id V 1 .
We claim that pr
In other words, the ideal
coincides with f 1 .
Using the Bianchi identity it is easy to get
The first of these equalities shows that the above defined tensorR takes values in k. In particular,
We see that t is not trivial, t ⊂ so(V 1 ⊕V * 1 ) is a Berger subalgebra, and R 1 (t ⊂ so(V 1 ⊕V * 1 )) = 0. By the above arguments with the Ricci tensor, t does not annihilate any non-trivial subspace of V 1 . We obtain the decompositions
where for each i, t i ⊂ gl(U i ) is irreducible and t i ⊂ so(U i ⊕ U * i ) is a Berger subalgebra. By the argument with the Ricci tensor, R 1 (t i ⊂ so(U i ⊕ U * i )) = 0. By Lemma 6, t i ⊂ so(U i ⊕ U * i ) is a Berger subalgebra of the Einstein type. This implies that t i contains id U i . Then f 1 contains the elements id U 1 and id U 2 , which by the construction commute with f 1 . This contradicts the Schur Lemma applied to the irreducible representation f 1 ⊂ gl(V 1 ). Thus, f 1 = k and the claim is proved.
From Lemma 4 it follows that id V 1 ∈ f 1 . From this and the above claim it follows that (id V 1 , 0, X, C) ∈ g for some X ∈ V 1 ⊗L ′ and C ∈ ∧ 2 V 1 . Lemma 7 shows that we may change the subspaces L ′ , V * 1 ⊂ R m+r,m+s in such a way that (id V 1 , 0, 0, 0) ∈ g. Note that under this change the projection pr gl(V 1 )g = f 1 does not change; the new space L ′ is isomorphic to the old one, and the projection pr so(L ′ ) g does not change if we use this isomorphism as the identification. Let A ∈ f 1 . Then (A, , 0, X, C) ∈ g for some X ∈ V 1 ⊗ L ′ and C ∈ ∧ 2 V 1 . Taking the Lie brackets with of this element with (id V 1 , 0, 0, 0) ∈ g, we get that (0, 0, X, 2C) ∈ g. Taking the Lie brackets again, we get (0, 0, X, 4C) ∈ g. We conclude that
We consider now the intersection
As in the proof of Lemma 8, it is easy to show that
If it is not irreducible, then it preserves a subspace V 2 ⊂ V ′ such that the induced representation on V 2 is irreducible. We choose a complementary subspace V ′ 2 ⊂ V ′ . Then we apply the above consideration to this settings. We will get a similar result for g ∩ so(L ′ ) as for g above. In particular,
is irreducible and it satisfies the same properties as f 1 .
We
and irreducible subalgebras f i ⊂ gl(V i ) that are contained in f and g; in particular, the Lie algebras f i are reductive.
The representation of f on R m is given by matrices of the form
Since the Lie algebra f 0 is reductive, there exists a complementary subspacef ⊂ f with respect to the adjoint representation of f 0 on f. The above consideration shows that the elements off are given by the stars in the matrix A.
given by the tensor product of the representations f j ⊂ gl(V * j ) and f i ⊂ gl(V i ). Since all subalgebras f i ⊂ gl(V i ) are irreducible, we see that different V ji and V ls do not contain isomorphic f-modules. This shows thatf = ⊕ 1≤i<j≤k f ij , where f ij =f ∩ V ij . This proves the lemma. Now we consider pr gl(m,R)⊕so(r,s) g.
Lemma 10
It holds pr gl(m,R)⊕so(r,s) g = f ⊕ h.
Proof. Let k = pr gl(m,R)⊕so(r,s) g. The facts that f 0 ⊂ g, h is a reductive Lie algebra, andf does not contain non-zero elements commuting with f 0 , imply the decomposition
Proof. We have already seen that for each i it holds id
From Lemma 10 it follows that (A, 0, X, C) ∈ g for some X ∈ N and C ∈ C. Taking the Lie brackets of ξ with that element, we get (0, 0, X, 2C) ∈ g. Taking the Lie brackets again, we get (0, 0, X, 4C) ∈ g. We conclude that (A, 0, 0, 0) ∈ g, i.e. f ⊂ g. Similarly, h ⊂ g.
From the last two lemmas it follows that g = f ⊕ h ⋉ (g ∩ (N ⋉ C)). As in the previous lemma, we may show that if (0, 0, X, C) ∈ g, then (0, 0, X, 0) ∈ g and (0, 0, 0,
It is clear that these f 0 ⊕ h-modules are pairwise non-isomorphic, hence, g∩N = ⊕ i,α N iα , where N iα = g∩(V i ⊗L α ). Similarly, as the h-module,
Finally, if for some α, all N iα are zero, then g preserves the non-degenerate subspace L α ⊂ R r+m,s+m , this gives a contradiction, since g is weakly irreducible. The theorem is proved.
Example
where h ⊂ so(n) is the holonomy algebra of an Einstein Riemannian manifold. This result is obtained in [12] . Moreover, in [12] all these algebras g are realized as the holonomy algebras of Einstein manifolds. Let Λ = 0. The required metric is the following
where v, x 1 , ..., x n , u are coordinates on an open subset of R n+2 , h = h ij (x 1 , ..., x n )dx i dx j is an Einstein Riemannian metric with the holonomy algebra h ⊂ so(n) and cosmological constant Λ, and H 0 = H 0 (x 1 , ..., x n ) is a function satisfying ∆ h H 0 = 0, where ∆ h is the Laplacian of the metric h. It is required that H 0 has non-zero Hessian in order make the metric to be indecomposable.
The idea of this construction is the following. Let g 0 be the metric g without H 0 . Then g 0 is the direct product of the Einstein Lorentzian manifold of dimension 2 with the holonomy algebra gl(1, R) = so(1, 1) preserving two complement isotropic lines and of a Riemannian manifold with the holonomy algebra h; the cosmological constant of each of these manifolds is Λ. The function H 0 is added in order to add the subspace R n to the holonomy algebra. The curvature tensor of g equals to the curvature tensor of g 0 with the additional term that takes values in R n ⊂ g. This additional term is given by a symmetric endomorphism of the Euclidean space R n , the Ricci tensor of the additional term must be zero, and this gives the equation ∆ h H 0 = 0.
6 Pseudo-Riemannian manifolds of index 2
Theorem 2 Weakly irreducible not irreducible holonomy algebras g ⊂ so(2, n + 2) of Einstein pseudo-Riemannian manifolds of signature (2, n + 2) are exhausted by the following algebras:
where h ⊂ so(1, n + 1) is the holonomy algebra of an Einstein Lorentzian manifold that is the direct sum of an so(1, l + 1) and a holonomy algebra of an Einstein Riemannian manifold;
where h ⊂ so(n) is the holonomy algebra of an Einstein Riemannian manifold;
where h ⊂ so(n) is the holonomy algebra of an Einstein Riemannian manifold; each N 1α , N 2α ⊂ L α is either L α or 0; for each α, at least one of N 1α and N 2α equals to L α ;
h ⊂ so(n) is the holonomy algebra of an Einstein Riemannian manifold; N 1α = L α , N 2α is either L α or 0;
Proof. Suppose that the maximal dimension of a totally isotropic subspace preserved by g ⊂ so(2, n + 2) is one, then from Theorem 1 it follows that g is the first algebra from the statement of the theorem.
In other cases g preserves a totally isotropic subspace of dimension 2. Suppose that f ⊂ gl(2, R) is irreducible. Then either f = gl(2, R), or g = gl(1, C).
Suppose that g = gl(1, C). By Theorem 1, N = ⊕ t α=1 , and each
is irreducible. This is equivalent to the non-existence of a complex structure on L α . In the opposite case C ⊗ L α ≃ L α ⊕L α . We obtain the third algebra.
This follows from the previous case since gl(1, C) ⊂ gl(2, R). We obtain the second algebra.
If in the above two cases r + s = 0 and g ∩ C = 0, then we get the algebras 6) and 7).
, where each N iα is either 0, or L α . Next, at least one of N 1α or N 2α is non-zero, i.e. it equals to L α . Suppose that for some α
Suppose that g ∩ C = 0, then for each α either N 1α = 0, or N 2α = 0. Consequently g preserves the non-degenerate subspaces
If g ∩ C = 0, then g is Z-graded of length 2, hence it can not preserve a non-degenerate Lorentzian signature. Clearly g can not preserve any Euclidean subspace. Thus, g is weakly irreducible. We obtain the algebra 4).
Let f = gl(1, R)⊕gl(1, R)⊕f 12 . Since [f 12 , N 2α ] = N 1α , we see that N 1,α = L α for all α. Suppose that g ∩ C = 0. Then N 2,α = 0 for all α. In this case g preserves the isotropic subspace spanned by the vectors p 1 and q 2 . If we consider the vectors p 1 , q 2 , q 1 , p 2 instead of p 1 , p 2 , q 1 , q 2 , the we get the algebra 4) (f 12 becomes C).
If g ∩ C = 0, then we get the algebra 5). The fact that it is weakly irreducible follows from the above case.
Examples of metrics. To complete the proof of Theorem 2 we should show that each of the algebras g ⊂ so(2, n + 2) from the statement of the theorem may appear as the holonomy algebra of an Einstein pseudo-Riemannian manifold. The metrics can be constructed using the idea of Example 1.
For the case of the first algebra, the metric can be taken as in Example 1 with h to be an Einstein Lorentzian metric with the holonomy algebra h ⊂ so(1, n + 1).
For the last two algebras from the theorem there exist e.g. symmetric metrics with these holonomy algebras.
Let h be a Riemannian Einstein metric with the holonomy algebra h ⊂ so(n) and cosmological constant Λ. The de Rham decomposition implies that the coordinates can be divided into the groups (
corresponding to the decomposition of h into irreducible parts.
Consider the algebras 2) and 3) from the statement of the theorem. Let
where 2dv
2 is an Einstein metric with the cosmological constant Λ and the holonomy algebra either gl(2, R) ⊂ so(2, 2) or gl(1, C) ⊂ so(2, 2). To get the holonomy algebra 2) it is enough to take H 12 = 0, and the functions H 1 and H 2 of coordinates x 1 , ..., x n to be sufficient general and satisfying the equations like ∆ h H 1 = ∆ h H 2 = 0. In the case of the algebra 3), if for some α, N α is isomorphic to L α or L α , the dependence of H 1 , H 12 , H 2 on the coordinates x 1 α , ..., x nα α should be more specific, such functions are constructed in [13] .
Consider the algebras 4) and 5). Let where µ = 0 for the algebra 4) and µ = 1 for the algebra 5) (µ is used to generate f 12 ); H 1 is a function of x The rigorous proof will be given in another version of this article.
Conclusion
Theorem 1 does not state that all the obtained algebras are weakly irreducible holonomy algebras of Einstein pseudo-Riemannian manifolds. In Section 6 we have seen that for the case g ⊂ so(2, n + 2), almost all of these algebras are weakly irreducible, and it seems that all algebras can be realized as the holonomy algebras of Einstein manifolds. This result suggests that using some combinatorics, the classification for arbitrary signature can be obtained.
We conjecture that the following construction will give examples of Einstein metrics with each holonomy algebra g ⊂ so(m + r, m + s) from Theorem 1. We do not claim that all these metrics are indecomposable, but if the construction works, then it is possible to turn to the indecomposable parts of the metrics, and this will give indecomposable Einstein metrics with all possible weakly irreducible holonomt algebras of Einstein pseudo-Riemannian manifolds. be an Einstein metric with the cosmological constant Λ and the holonomy algebra h α ⊂ so(n α ). Then the metric
h α is Einstein with the holonomy algebra f 0 ⊕ h. This metric is decomposable. Next, if some of f ij , N iα or C ij is non-trivial, then we add to g the following terms: The additional terms will give some additional components to the curvature tensor of the metric f + h, these components will take values in V * j ⊗V i , V i ⊗L α , and V i ⊗V j . The Einstein condition and the condition on the holonomy algebra to be g will give equations on the functions F 
